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EFFECTS OF HEAT~CAPACITY LAG IN GAS DYNAMICS
By Arthur Kantrowitz

SUMMARY

The exlstence of energy dissipations in gas dynamles,
which must be attributed to a lag in the vibratlonal heat
capaclty of the gas, has hbeen establlished both theoreti-
cally and experimentally.

The flow about a very smell 1rpact tube 1s dlscussed.
It is shown that total-head defects due to heat-capacity
lag durlng and after the compression of the gas at the
nose of an impact tube are to be antlcipated. Experi-
ments quantitatively verifying these anticlpations in
cerbon dloxide &re dlscussed. A general theory of the
dissipations 1n a more general flow problem ls developed
and applied to some speclal cases. It is pointed out
that energy dilssipations due to this sffect are to be
anticlpated in turhines. Disslipatlons of this kiind might
alsc Introduce errnrs in cases in which the flow of one
gas 1s used in an attempt to sirulate the flow of another
gas. Unfortunatelw, the relaxation times of most of the
gases of englineering importance have not been studied.

& new method of measurlng the relaxation time of
gases 18 introduced in which the total~head defects ob-~
served with a specially shaped impact tube ‘are compared .
with theoretlical consideretions. A parameter 1is thus
evaluated in which the only unknown quantity is the re-
laxation time of the gas. Thias method has been applied
to carbon dloxlde and has glven consistent results for
two Ilmpact tubes at a varlety of gas velocltles.

INTRODUCTION

The heat content of gases 1s primarily three forms
of molecular mechanical energy. Filrst, there 1s the

tranalational kinetic: energy which 1s SRT, where R




1s the gas constant and T 1s the absolute temperatures
Secondly, there 1s the rotational kinetlc energy. For

all geses near or &bove room temperature, the n rota-
tional degrees of freedom involving moments of lnertla

due to the separatlion of atomlc neuclel have energy states
close enough together that the rotational internal energy

1s close to the clasgslical value %RT. The third prin-

cipal form of internmal energy 1s the vibrational cenergy
of the molecules. If the frequencies of the normal
modes of vibration of the molecule are lknown (say, from
spectra), the vibrational heat capaclty can be computed
by the methods of statistical mechanics. (See, for
example, reference 1,)

The possibility of dispersion and absorption of
sound due to parts of tho heat capaclty lagging behind
the rapid temnerature changes eccompanylng the propara-
tlion of a sound wave 1ln a gas was flrst dlscussed theo-
retically by Jeans and Elnstein. Dispersion and ab-
sorption In carbon dioxlde observed by Plerce were shown
by Herzfeld and Rice to be attributable to lagging of
the vibrational heat capeeclty of the gas., Eneser was
able to account quantitatively for dlspersion and
absorption in (O, &and oxygen on the assumptlon that the

vibrational heat capaclty lagged,

The dlspersion and absorptlon of sound in several
gases have been investigated and a fairly complete
bibliographyy 1s avallable in reference 2. It 1s found,
in general, that dlspersion and absorption many times
larger than thoso attrlbutable to vicosity and heat
conduction are to be expected In gasez with vibrational
heat capacity. These offects can be descrlbed by rela-
tlons such as those glven by Kneser and can be attributed
to the vibrational heat capaclty of the gas.

All the measurcments of dlspersion and absorption
have demonstrated that most iImpuritles markedly reduce
the relaxation time of a gas; for example, Kneser and
Rnudsen (references 3 end 4) concluded that the adjust-
ment of tho vibrastlonel heat capaclity of oxygen was
dependent entlrsly on the action of Impurities,

Various experiments with CO, bhave shown that, at room
temperaturc, colllsions with water molccules are 500
times as effective as colllisions with COs-molecules in
exciting vibration in COg-molecules. Thls strong
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dependence -on purlty has produced great dlascrepancles
among the relarxation times measured by the various workers
In thils fleld. There has been much better agreement
emong the measurements of the effectiveness of impurlitles.
Sonic measurements in COp are discussed in appendilx A.

A quantum-mechanical theory of relaxation times developed
by Landau and Teller is discussed in appendlx B. Two
conclusions, which are veriflied by the sonlc work in COg,

are importent to the present paper: . (1) All the vibra-
tional states of a single normal mbode adjust with the same
relarxation time and (2) the logarithm of the relaxation
time (gxpressed in molecular collisions) 1s proportional

to T_z. Verification of conclusion (2) 1s presented
in flgure 1.

Dr. Vannevar Bush helped to 1nlitlate this work by
asking the writer a stimulating question. The author
8lan 1s very grateful to Professor 7. Teller for helpful
discussions. '

LFFECTS I GAT DYHMaMICZ2

In the flow of geases about obstacles, compressions
and rarefactions acccrpanied by temperature changes
occur. The time 1n vhicli these termperature changes
talte place 1s controlled by tie dimenslons of the ob-
stacles and the velocity of flow, If these tire inter-
vals are compargble with or shorter than the time re-
quired for the gas to absorb ita full heat capacity,
the gas will depart from its equllibrium partition of
energy. In this case, the transfer of energy from parta
of the heat capaclty that have more than thelr share to
parts thet have less then thelr shares will be an irre-
versible process and wlll increase the entropy of the gas.
If the time lntervals involved are comparable with the
relaxation time of the gas, this increase 1n entropy can
be use? to measure the relaxatlion time of the gas (refer-
ence S5

Turbine-working fluids such as steam, air, and ex-
haust gas have appreciable vibrational heat capaclity at
high temperatures. If these gases have relaxation tlmes
comparable with or shorter than the lntervals durling
which temperature changes occur in the gas, losses




attributable to heat-capacity .lag must be anticipated,

A rough estimate has indicated tkat, unless the relaxa-
tion times of the working flulds are very short, the
losses at high temperatures due to heat-capacity lag can
be comparable wlth the losses due to skin frictilon.
Unfortunately, no measurements of the relaxation times
of the usual turbine-working flulds exist.

Various persons have proposed, in wind-tunnel tests
end In tests of rotating nacninery, the substlitutlon of
gases that have propertles enabling tests to be made more
convenlently at a glven !MMach number or Reynolds number
than with the actual worklng fluld. In such cases,
care must be taken to ensure thet an error due to dif-
ferences 1In heat-capaclity-lag behavior of the fluld used
and the working fluld i1s not introduced. For example,
according to a rough calculation, a wing in pure C(COp
might have a drag coefficlent twilce &s large as the same
wing in alr at the same ijach numbor and Reynolds nurmber.

In the followlng discussion, the existence of these
dlssipations in gas dynanlcs !s dermonstrated and a gas-
dynamics method of measuring the relaxanion times is
developed. The appllication of this method to the meas-
urement of the relaxation times of gases of englneerling
Importance ls proposed.

FL.Ow: ABOUT A VERV SMALL I¥PACT TURZ

As a flrst example of the energy diaslpatlons to be
expected from heat-capaclity lag, consider the total head
measured by an 1mpact tube In a perfect gas. For defl-
niteness, consider the apparatus i1llustrated schematicully
in figure 2. The gas enters the clramber and settles at
the pressure pgy and the temperature Tg. It then ex-
pands to a pressure Py and a temperature Tl out of tke

falred orifice, which is deslgned to glve a temperesture
drop gradual enough that the erxpansion through the orifice
1s 1lsentroplc. The gas that flows along the axial stream-
line of the imract tube 1s then brought to rest at the

nose of the tube and, durlng thls process, 1ts pressure
rises to po and 1ts temperature rises to To. If this

second process 1s slow enough to be lsentroplic also, the
entropy and the energy of the gas that has reached equi-
librium at the nose of the Impact tube are equal to the
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values In the chamber and hence the pressure p, equals
Po and the reading on the alcohol manometer 1s zero.

Conslder, however, the other extremo case in which
the compresslion time: - that 1s, the time required for the
gas to undergo the greater par% of 1ts temperature rlse -
at the nose of the impact tube is smell compared with the
time required for the gas to absorb 1ts full heat capaclty.
The orifice 1s conaldered largo enough that, during the
expansion through it, the gas maintalns equilibrium. A
part of the heat capaclty of the gas o©y4p does not follow
the rise 1n temperature during the compression as the
ges 1s brought to rest at tho nosc of the impect tube and
ad justs irreversibly after the compression 1s over., Tho
resultant increaseo of ontropy in this caso means thoat the
prossurc pg 1s lower than DPos This lncrease in entropy
is now calculated. All temperature changes are assumed
emall enocugh that the hecat capeeltles of the gas can be
takin as consatonts.

At the beginning of the adjustment, the lagglng part
of the lieat capecity Cyip 18 st11ll in equilbrium wlth
a thermomcter at the temperaturc T while the transla-
tional and other dorrecs of froedom with heat canacltlos
totaling cn', the relazation timec of which can be neg-
lected, are In equilibrium with a thermometer at some
higher tcmperaturo T. Energy then flows from the heat
capacity cp' to the hcat capacity cyiy, increasing
the temperature Ty, assoclated with cyay from T4
to tho final equilx%rium temporature, which 1s TO'
Conservation of onergy gilves the following reletion
between T a8nd Tg4y

CvivTvip + p'T = epTo (1)

where ¢ is the total heat capacity at constant pres-
Sure. e entropy lncrease when an element of energy
dq flows from T to Ty1p 1s

das = 49 - 49 _ Cvib T4y L - L) (2)

Tyip T Typo T




Eliminating T 1in.equation (2) from equation (1) and in-

tegrating over the whole process glves

'To -C 14
.. D
AS = / Cyib dTv1b<c

'Tl
c
_2_ vi‘b
Cvib (
= log
fp_ _
Cvib O

+1)
pr0 = Cyiblyib Tvib

(3)

Equetion (3) gives the entropy difference between
the gas iIn the chamber and the gas at equllibrium at the
noege of the Iimpact tube. Because the energy and hence
the temperature 1s the same at the beginnling and at the
end of the process, the ratlio of chamber pressure to
Impact~-tube pressure can readlly be computed from the

perfect gas relation

"8 = Cp log T - R log p + Constant

which gives

Pg
AS = R log -5-5
and
cp'
Cp
Po _ ( vt (_
4] c Ta
°v1b - To.

(4)

It may be instructive to derive this relation by
considering the isentropic parts of the process.
the slow expansion, the enthalpy theorem (see appendix C

Durin

2
glves cpT + %u = Constant (u 1s flow velocity) and,

during the lnstantaneous compression,

1

= Consteart,



T

i r————

Cyip. belng omitted because 1t takes no part in the com-
pression. Combining these egquations gives

ep(To - T1). = cp! (T2 - Ty) - (8)

where To 1s the temperature reached by the translational

degrees of freedom before the adjustment period starts.
The adlabsatlic-compresslon relatlon can be applied to both
the expanslon and the comprnession with the appropriate
heat capaclities to calculate Po; thus,

R R

<Ba‘°P' _ T2 (@)"p _To (6)
Pl) T Py Ty

Combining equations (£) and (6) gives, after several
manlpulations,

Cn' Cyib
Po _ /% = Cvip_\F _T_9> R
I'g Ty T1
Cp = Cvib T

which i1s of course identical with equation (4).

- P
The percentage total-head defect 100%%—:—5§ is

plotted agalnst chember pressure po/pl In figure 3 for

cp' = 3.5R. The apparatus schematlgzed in figure 2 was
used to check equation (4) for COo where the vibra-
tional heat capaclty would be expected to lag, The

orifice was a hole in a 1-1nch plate wlth 1ts dlameter
varlation designed for constant time rate of temperature
drop. The last 1/16 inch of the flow passage was
straight in order that the streamlines in the Jet would
be straight and axial and hence the statlic pressure at
the orifice exlt would equal atmospheric pressure. The
glass impact tube was 0.005 inch in dlameter and its end - -



were between 300 and 600 feet per second. The expanslon
therefore took place in times ranging between 1.4 x .10™4%
snd 2.8 x 1074 second, The compression at the nose of

en lmpaect tube takes place while the gas flows a distance
of the order of 1 tube radius. (9ee fig. 5.) The com-

pression times then ranged between 7 X 10~7 and

14 x 1077 second. Commercial COp was uscd and, be-
cause 1t was falrly dry, a relaxation time of the order

of 1C-° second was erxrpeeted., It seomed 1likely, therefore,
that this setup would approach tho ‘case of an Isentroplc
expanslon and an Iinstantoneous compression closely enocugh
for the results to bear at least a qualitative resemblance
to equation (4).

. Preliminary to the Ilnvestigation of heat-capaclity
lages, 1t was necessary to make sure that hydrodynamlc
effects other than heat-capacity lag would not produce a
reading on the alcohol manometer, Alr and later nitrogen
at room tempcrature were therefore substituted for COo
at the beginning of each run. It was always found in
these preliminary tests that, vhen the tube was properly
alined, the difference 1n pressure measured by the alcohol
menometer was very small and could be accounted for
entirely by lags in the small vibrationael heat capacilty
of air (about C.02R).

Carbon dioxide was then introducaed into the apparatus
and the observations shown in fligure 4 vcre made, The
gas was heated before e¢ntering the chamber, ahd its
temperature was moasured by a small thermocouplo inserted
In the jJet close to the lmpact tube., In accordance wlth
acrodynamlc experience, the temperature measurcd by the
thermocouple was assumed to be 0.9Tg + 0.1Tq. Thoe dif-
ference between Ty and T, was always less than 300 F,

corresponding to a difference in c¢y4p of less than
8 percent, and was thus consldered accurate enough to
assume a constant cy 4, and to compute this value at a

— Ta +T
temperature Tz O 1

n

d

The pressure Pg = Py Wwas read by the mercury
manometer, py by a barometer, and Py = Pg by ths
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alcohol manometer, which was fitted with a microscope to

- make poaslble .readings to 0,001 inch.

In flgure 4 the readlng of the elcohol manometer 1s
plotted agailnst the chawber pressure pg/py1. The ex-
porimental values at both temperatures agree with the
theoretlcal values more closely than could have been
anticipated, It will become clear lonter that the theo-
retlcal and experimental values agreod so closely because
small entropy increases in the orifice, attrlbutable to
too=-rapld expanslon, Just about compensated for the fact
that the compression wasa not qulte instantaneous compared
wlth the relaxation time of the gas. It should bo
pointed out that ordinary hydrodynamic offects such as
miocalinement of the impact tube would bc expected to pro-
duce a total-head defect which would vary dircctly as

GENERAL THEORY OF LNERGY DISSIPATIONS IN GASE
EXHIBITING HEAT-CATACITY LAG

In the goneral case 1ln vhich the temperature changes
may be nelther very fast nor very slow compared with tho
relaxation timo of the ges, the tempercture history of a
gos partlele as 1t flowe along ¢ strcamline must be con-
sldered. The problem ls grectly simpliflied if the effect
of hect~-capaclty log on volocity dlstribution is
neglected In order to get tho offect of the lag on energy
dissipation. Thlis procedure can he regarded as the
first step 1n an lteratlion process and is probably ade-
quate for the applications now contemplated, The re-
striction that tho tcmperature changes involvod in the
flow are small enough for the heat capacltles to be con=-
sldered constant is alsgo retainecd.

Assumo, therefore, thet the velocity distribution in
the field of flow l1ls determined by standard gas-dynamlcs
methods. The veloclty distribution ls usually given as
a function of space coordinates u(x,y,z) or along the
O-~gtreamline ag wugf{s), whero s 1s the distance along
the streamline. Thils expression can be converted to a

function of time uc(t) by integratlion of a4t = e



10

along- 8- streamline. nhe runotion ua(t) 1s ta¥en for
granted and the entropy 1ncrease in the flow along a:
streamline is determined,

By introduoing the varlable ¢, . which represents
the excess energy per unlt mass in the laggling heat
capaclty over the energy at equilibrium partition at the
translatlonal temperature T, it 1s seen that

1.2
T 4+ =
c 50

p + €= Constant (7)

The assumption 1s now introduced that there is only
one type of heet energy in the gas Evib which lags

appreciably behind the translation temperature and that
1ts time rate of adjustment 1s proportional to 1ts de-
parture from equilibrium; that 1is,

AE o1y
at

-_:-ke.

Th*s assumption 1s in agreement with the sonic theories
previously discuseed, From the definition of ¢,

€= -
Evib cvibT

because cvibTvib 1s the ecuilibrium value of Evib

(measured from an arbitrary zero).. By combining these
equatlions, Evib can be elimlnated to yleld

ae _ ar '
dt = “Cvib 3p " k€ (8)

The meaning of Lk can be made clear if the warlatlon of
¢ with time l1ls examined for the case in which the total
heat energy of the gas remains constant. In thlis case,

cDT + € = Conctant
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Equation (8) then becomes

= .- —— — -

or ) CodE

from which kéz% is the reciprocal of the relaxatlion
p CA T

time T of the gas. It wlll be seen that these equa-
tions are restricted to gases with only one relaxation
time.

In order to simplify later expressions and to
clarify thelr physical meaning, there. are introduced the
dimensionless varilables

-
f — _E—_ . ' = t
€ Cvib Uz . & 117U
cn! 2 P
P
> (9)
_u = h
'Ll' - U K - -‘-U

=

where h and U s&are a typlcal length and a typical
veloclty in the flowv and K 1s & dimenslonless parameter
that 1s a measure of the ratio of the times in which
temperature chanpges occur in the gas to the rslaxation
time of the gas. It w11l be seen later that €' 1s de-
fined to make 1t become unity after an lnstantaneous ex-
pansion which starts from rest with equilibrium energy
partlition and ends wlth the veloclty TU. Eliminating T
between equations (7) and (8) and introducing the non-
dimenslonal quantities gives
&' | per o Gu'® (10)
at! at?

If u'(t') 1s known, the integral of equation (10) can
be written as '
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- fKat! 12 t
e' = o / ,p%li—'-emd dt! + COnsta.nt> (11)
N t
The rate of entropy increase he flow can now be calcu-
lated from eq on (11). of heat flow from the

to T 1s

. 1 1)
= — (12)
T b)

ion (12} can be vritten

)

temperature T,/

E:w €= Cy1b @vib - T) and eq

1
\? T 4 —
Cvib

. Streamline in questlon

The entropy lncreas

between the starting me t 1is
A (13)
In order to obtain “the|total g5, equa-

tion (13) would have g
streamlines in the flow vilth the use of equation (7).

Similarity Law for Low=Velocity Flows

The calculatlon of energy dlssipations can be simpll-
fiocd if the restriction to flows involving pressure and
temperature changes that are small compared wlth amblent
pressure and temperature 1ls adopted. The greatest ad-
vantage of thls procedure 1s that the flow patterm ob-
tajined in an Incompressible fluld can be used as an &ap-
proximation. This fact 1s important because few compres-
sible fluld flows are lknown accurately. If thils
restriction 1s accepted, k and hence X can be assumed
constant for the flow, Equatlon (11) then becomes

~Kt! flaur Kt

€1 = ¢ J Y e dt' + Constan%) (14)
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€

. Nowhbcph.ng_zg- end--variations of . T are small. compared

v
with T and equation (13) becomes

€2 gt - (15)
°vibi u/. _

It 1s now shown that there 1s a simple relation
amcng the dependencles of the energy dlssipation in a
low-velocity flow on the scale of the flow, on the typlcal
veloclity, and on the relaxation time of the gas. This
relation is that the entropy increase, reduced to non-
dimensional form, depends in geometrically similar flows
on a single parameter K.

Tquatlon (15) can be reuritten as
t!
c. 'K 2 ¢
AS = —2L <Uz V1b>f €12 gt
: cpcvib* cp

Introducing the nondimensional entropy increase AS' by
dividing AS by the entropy increase ITollowing an
"instantaneousa® conpression pilves

tl
AS! =/2K f e1? ags (16)
: tig

From equation (14), it 1s known that €! and hence . ASY
depends only on ¥ for simllar flows, i .

Approximations for Large and Small Values of K

The integrations of equations (14) and (16) are
sometimes difficult to perform analytically and laborious
to evaluate -numerlcally. For the speclal cases in which
the relaxation time 1s either long or short compared with
the times 1n which temperature changes take place in the
gas, 1t is possiblie to use approximations that consider-
ebly reduce the numerlical labor. In these cases, it 1s
possalble to express AS! In terms of integrals in which
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‘K ' does ‘ot appear under the integral sign; ‘thus; these
Integrals need be evaluated only once to determine AS!
for all values of K for which the approximation is
valld.

: The case of short relaxation time, when K 1s large,
will be treated first. In order to avold confuslon, the
symbol t'g 18 introduced into equation (14), which

becones
t'a

2 . Yot
oty = [ oK (E1a=tY) apy (17)
Vtto .

For a large value of K, most of the contribution to
thls integral comes from values of t!' so0 close to t'g

that the followlng approximations can be made:

c ' ' 2 2
du'2 dut?y. _ £ - g1 = u'® - u'y
at! at : 8 = Tanig

dtT /e

and the lower limit of the integral in equation (17) can
be replaced by +o .- IEquation (17) then becomes

Vio du'

! :
et (tty) = /\- exp|: K (g'z - u'az)-]du'2
#) J

where the sign of the lower limJt is opposite that

12
of %217>a. Hence, for K >> 1,

2
er(ve) = 1(&F), f(d“' e oo

The case of long relaxation time,.when K 1s small
conmpared with 1, 1s now considered. In the usual flow
. problem, the gas veloclity changes appreclably during a
certain time interval - say, from O to t'; - and then
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settles to & new steady value, The problem can be
divided into two parts: 0 < t! <. t';7 and t' 2> t';.

If K 1s small enough, the change In €' due to the
e'=torm 1n equetion (1Q) is small compared with the

change due to the %ﬁ%—-term and can be neglected in

the calculation of the entropy increase AS!'y during
the first lnterval; thus, -

! = u12 - uloz

where u'g® 18 the velocity squared at t' = O, Hence,
' 1] t1y
A8ty = 21;f0 €12 at' = 2% fo @2 - wo?) ae

In order to compute the valus of €' &t t';, the

total contributicn of the €!=tern 1in equation (10) 1is
added to the total change in the square of the veloclty

during the first Interval aut?, Thus,

th thy
€r] = Au'?-K f ¢! dt'=Au'2-Kf (u'® - urg? ) ate
V'o 0
In the period after t',,
€ = g?le_K(t'-t'l)
and the entrcpy increase in this second perlod AS'g 1is
® tat!
AS'Q = 2K€'12 f G-ZK(t -t l) att! = 5'12
t1y '

The total entropy increase in the flow 1s therefore, for
K<L 1, '
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. 'aSt = 2K f (u'o? - ur? P at

£y ) . o
+ Kf (u'o2 - u'z)dt' + Au'Z]
0

_Calcu;ation of Total-~-Head Defect in Flow
sbout a "Source-Shaped" Impact Tube

The totdal-head defect to be anticlpated in a com-
presslon at the nose of an impact tube of a speclal shape
1s calculated to be used in the measurement of the re-
lexation time of gases. The restrictlon to lov velocl-
ties adopted previously is retained, chiefly to pérmit
the use of incompressible-fluid theory and of the simil-
larity theorem.

The flow about bodies of revolution iIn a uniform
stream 18 usually éalculated by consideéring the flow
about sources in the fluid. (Compare reference 6, :
p. 146.) It 18 possible to find a surface in the flow
across which no fluld flows, If a solld body shaped
like this surface 1s substituted for the 'sources, no
alteration outside the surface occurs; the flow about
the s0lid body 1s thus ldentlcal with that about the
sources. The flow &bout & single source in a uniform
flow 1s calculated in reference 6 and the corresponding
- shape 1s plotted in figure 5.. The total-head defect
to be anticipated for a tube of this shape 1s calcu-
lated as follows:

The veiocity aloné fhe central astreamline 1s re-

quired. This veloclity is glven on page 147 of refer-
ence 6 and 1s plotted 1n flgure 5 as

a2
ux) =U<l'ﬂs}_§
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where
x ‘distance along ceuntral streamline from source
U velocity far from body
d diameter of impact tube

Thils expresslon can be converted to the followlng non-
dimensional form by using U as the typlcal veloclty
and d as the typlical dimension:

1

ut(x') = 1 -
) 16x'2

(19)

The next stev is to find u'(t!'). The quantity t' can
be found as a function of u!' by lntegrating

dx! 1 du!
att = o— 2 2
ut(xt) 8 (1 - u,)S/Z

The cholice of the zero of t!' 1s arbltrary. For con-
venlence, 1f t! = O when u!' = 0,99, then

?
1 J/u au!
® V.99 ur(1 - un)¥/2

- .
= -Lliog /-151 1-‘V1"u')+ 2 _ - 20| (20)
_ 1 ++y1=uf V1= uf

t!

8

The next step is to determine ¢€!'(t') from equation (14).
Then, by use of equation (19),

. 2
' %i:- = 2u!? %ﬁ% = ~16ut®(1 - 11'):5/2 {21)

Because ¢! is zero initlally (t' = -») and remains zero
until u' begins to vary rapidly with time, 1f K 1s not
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too small, the lagging heat capacity can be assumed to
follow the temperature changes in the gas up to the point
u! = 0,99; that 1s, €' = 0 can be used for ¢t' = 0.
Combining thils fact with equations (14) and (21) ylelds

1
e'(t') = ~e~Kt! ~[¢ 16u'2(1 - u')a/éeKt' at! (22)
0

In view of the partly transcendental nature of equa-
tion (20), 1t was necessary to integrate equation (22)
numerically. Equation (20) was plotted (fig. 6) in
such a way that the values of u' corresponding to
regularly spaced values of t' could be found easily.
By Simpson's rule, ¢€'(t!) was then found for a series
of values of K. An example of the result of such a
calculation 1s given in figure 6 for K = 3. The
entropy increase along the central streamllne was then
found from equation (16).

Values of AS' found from integrating equation (22)
by Simpson's rule and equation (16) with a planimeter
are plotted in figure 7 and are glven in the followlng
table:

RESULTS OF NUMERICAL CAICULATIONS OF AS!

FOR SOURCE-SHAPED IMPACT TUBE

AS!

0.1685
«405
«516
676

i) . 868

.1 .952

HMWO | A/

For large and small values of K, the approximations
developed earller were used to reduce the labor of cal-
culations and ylelded the result AS' = 1.743/K when

K 1s large and AS!' = 1.452K + (1 - 1.008K) when K

is small. These results are plotted In figure 7; this
figure thus 1ndicates the range of applicabllity of these
approximations.

. |
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Calculation of Entropy Increase 1in Flow
through a Nozzle of Speclal Design

For the measurements of the relaxation time in GOy,

a nozzle 1ls employed in which the gases expand and ac-
celerate before meetling the impact tube. This expansion
cennot always be made slow enough - that 1s, the nozzle
large enough - that tho expansion through the nozzle in-
volves a really nogligihle entropy increase; hence, the
results of flgure 7 rmst be corrected for the entropy
Increases in the nozzle. In order to simplify the cal-

culations, the nozzle was so designed that the time rate

of temperature drop was constant. It can be shown that
the entropy increase in a nozzle of this design is

3 - \
ety e F) D o

=3f(N— Ok /ey

where Ky = = and U 1s the final volocity attained

by thoe flow gg the nozzles It muat be remembered that
the calculations Tor tue 1muwact tubc presumed €' to be
zero Initlally. This condition 1s the case only 1if

K; >> 1 and hoence-the calculatlon givon hore is valld

only for this caso.

'rom t?e dofinitions of K ond Ky, 1t is seoen

that Ky = EK and hence the total entropy increass

AS'yp = ASYL .+ AS'y

can be expressed as a function of K alone for o given
1/d. This total entropy increase 1s plotted in fig-
ure 8 against K for the two values of 1/d wused in
these oxperiments and for 1/d =o,

MEASUREMENT OF RELAXATION TIME OF 002

The theory wlll now be applied to the messurement
of tho relaxation time of COg. Thils work was

undertakon both to test the thoory and to develop a
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technigque that would supplement the sonic methods prew-
viousgly used for measuring relaxantion times, The

method essentlally conslsts iIn expandlng the gas .through
2 known pressure ratlio in a nozzle and compressing 1t
again at the nose of a source-~shaped impact tube. The
resultant total-head loss 1s dlvided by the total-head
loss that would be obtained in a very slow expanslon and
a fast compression (equation (4)). This nondimensional
total~head loss ls compared wlth a theoretical result
such as is shown 1In fisure 8 and the value of K appro=-
priate to theo flow 1s found. From thls value of K,

the relaxation time of the gas can be easlly computed 1if
the veloclty before compression and the dlameter of the
impact tube are know.

During the compression of tho gas, the toemperature
and pressure rise from 'I'1 and Py to T2 and Pos

respectlvely. The relaxation tlme and the hoat capacity
of the gcs thus change along a strcamline. The pro=-
cedure previously outlined then gilves an averago relaxa-
tlon timo for the flow. It 1g assumed that thls average
relaxatlion time 1s the relaxantion time appropriate to
condltlions halfway between compressed and expanded cone
ditlons. Bocause p, 1s_close to p, and T, =T,
these condltions B g.nd T con be fog.nd from

) 2

T0+T1'

T = =

The errors Ilntroduced in thils way certainly are no
greater than those due to the low-velocity assumption
Introduced in the theory upon which figure 8 13 based.

Gas

The ﬁas used 1In these experimonts was commercial
"wone-dry" COs. This gas was dried by passing it

through calclium chloride and then dehydrlte while 1t




1-hs7

21

'was at d pressurs greater than-40 atmospheres. - The purl-

fication procedure was not so thorough as methods used

in some previous investigations, and it is to be expected
that somewhat shorter relaxatlion times would be obtained.
The primery object of this work-is to establish -the self-
conslistency of this test method rather than to obtain an

accurate relaxation time for pure COg,.

Apparatus

The apparatus used is essentially the dame as that
schematlized 1n figure 2. A longitudinal sectlion through
& chamber of the most recent design is shown in figure 9.
(The chamber used in the tests discussed in the next asec-
tion did not incorporate the liner and the gaa entered
from the bhottom.) The gas enters through three holes
that were made small to stabillze the gas flow into the
chamber. The glass wool 1is necessary to remove turbu-
lence from the gas in the chamber and contributes materl-
elly toward reducing the total-head defects obtained in
gases without heat-capaclty lag. It was found that
total~head defects traceable to nonuniformities in tem-
pserature exlisted and could be reduced by the use of the
lined chamber shown. The fact that the gas flows around
the inner chamber before entering helps to keep the gas
in the lnner chamber at uniform temperature.

The temperature nonuniformities can be almost elimi-
nated 1f the gas enterilng the outer chamber 1ls at the
same temperature as the chamber.,, A mechanlism was used
to adjJust the alinement of the impact tube without moving
the tip from the center of the nozzle. The Impact tube
must be adjustable in order that smell errors 1in shape
near the hole will not give spurious total-head defects
(in helium, for example). The gas and the chamber were
heated electrically and a thermocouple inslde the chamber
was used to measure the gas temperature.

The nogzle used had a circular croés section, was
1,6 inches long, and was designed according to the methods
previously descoribed to glve azconstant time rate of

temperature drop; that 1s, ~%%— = Conatant for the first

1.5 Inches, the last 0.1l 1lnch belng stralght. The
radius of -the nozzle 'r 1s plotted against the distance
along the center line x in figure 10.
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Two impact tubes with diameters 0.0299 inch and
0.0177 inch were used 1in these experiments. They were
made by drawling out glass tubling until a plece of ap-
propriate dlameter and hole was obtained. The hole was
‘kept larger than sbout 0.004 inch and the fine sectlon
not too long (=1/4 in.) to prevent the response of the
8lcohol manometer from belng too sluggilsh. The ends
of the tubes were ground to a source sh&pe (fig. 5) on
8 fine stone. During the grinding process, a sllhouette
of the tube was cast on the screen of a projecting mlcro-
scope and the contour superimposed on a source-shaped
curve. By this technique the contour could be ground
to the source shaps within 0.0005 inch, except for the
hole, in a short time.

Tests and Computatlons

The total-head defect in COg was measured with the

two Impact tubes over a range of chamber pressures, The
conslstency of relaxation times obtalned at various pres-
sure ratlos and with varlous lmpact tubes serves as a
check on this method of measuring relaxation time and on
the theory on which the method 1s based.

Before each serles of measurements nitrogen, which
has only a negligible vibrational heet content at room
temperature, was run through tne chamber to be sure that
no spurious effectes and leaks were present. In the re-
sults reported herein, the errors due to these effects
were kept to less than 0.0l percent of the chamber pres-
sure; therefore, the resultant error In relaxation time
due to these canses was less than 4 percent. In sub-
sequent worlk (not reported herein), it was found that
most of these total-head aberrations could be eliminated
by ensuring uniform temperature in the lssulng gases.

If care 1s taken to eliminate temperature nonuniformities,
tube misalinements, and turbulence in the chamber, the
total~head aberrations can be reduced to 0.002 percent or
less.

The total-head defects obtalned were divided by the
result .of equation (4) to reduce them to nondimensional
form. The appropriate value of K was found by refer-
ring to the appropriate curve in figure 8. The gas
veloclty was computed from the reading of the mercury
manometer by the enthalpy theorem with adlabatic expansion
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assumed. The relaxation time was then computed from the
definition of "X by equation (9). Thé relexetlon times
thus obtalned were expressed l1n colllslions per molecule,
The number of molecular colllsions per second In COg

was assumed to be 8.888 X 109 at 15° ¢ and 1 atmosphere
by comblnling tables of pages 26 and 149 of reference 7.
At all other temperatures and pressures, the number of
collisions was assumed to vary inversely with +/T. and
directly with pressure. The number of molecular colll-
sions per second and the heat capaclty of the gas were
computed at temperature T and pressure p. The data
cbtalned are given in tables I and IT for the 0.0299-
end 0,0177-1nch tubes, respectlvely.

The results are plotted in figure 11, which indl-
cates that the relaxatlion time in colllislons is nearly
independent of pressure ratio and impact-tube size.

Thls conslstency constltutes tne deslred verification

of this test method. It was expected that a varlatlion
at hirh pressure ratlos would appear in view of the
assunption of low velocity made at several polnts in the
theoretlcal development.

A large part of the scatter of the rcsults in fig-
ure 11, in particular the apparent drop at low pressnres,
1s attrlibuted to the fact that in the testa the average
temourature (hMulfway betwsen chamber end expanded tem-
peratures) was not held constant during the run.

The averapge number of collislions obtained wlth the
0.0299--Inch tube was 33,100; with the 0.0177-inch tubese,
32,000. The final result at 105° F thus is 32,600,
which 1s somewhat lower than the result »* recent inves-
tigations in which the COp has been much more carefully

purified than in the present investigation. (Comparse
with fig. 1.)

IMPACT-TUBE METHEOD OF MEAIURING RELAXATION TIME OF GASZIES

The impact-tube method of measurlng the relaxatlon .
time of guses rests essentlally on the fact that the
total-head defect not traceable to heat-~capaclty lag can
be reduced to a very small value - say, 0.002 percent. .
Very small dissipatlions due to heat-capaclty lag are
therefore measurable. For example, a gas having a
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lagging heat capacity O.1R with a relaxaetion time of 10~7
second could give a total-head defect of 0.05 percent.
If the gas had a lagging heat capaclty as large as R, a

relaxation time as short as 10"8 second would be meas-
urable.

This method seems to be easler to carry out than the
sonic methods previously dlscussed and cen be used to
measure relaxation times with comparable preclsion. The
quantity of gas required to make a measurement wlll be
larger than for the sonlc methods (a standard tank of COg2

lasts about 5 hr in this apparastus) and thus mey meke 1t
more difflcult to attain high purity.

If the gas to be studled has a long relaxatlon time -
greater than 50 mlcroseconds, for example - 1t should be
possible to measure the relaxatlon time in an apparatus
simllar to the one dlscussed by comparing the total-head
defects obtalned with a calculatlion of the entropy 1ln-
crease Iin the nozzle. In this case, the time talten for
the gas to flow through the nozzle 1ls compared with the
relaxation time of the gas. The shape of the lmpact
tube would be unimportant in this case as long as 1t was
small enough that K << 1,

CONCLUSIONS

The exlstence of energy dissipations in gas dynamics,
which must be attributed to a lag in the vlibratlonal heat
capacity of the gas, has been establlished both theoretil-
cally and experlmentally.

An approximate method of calculatlng the entropy in-
crease 1n a general flow problem has been developed. The
special case in which a gas at rest expands out of a
speclally shaped nozzle and 1s compressed at the nose of
a source-shaped Impact tube near the mouth of the nozzle
has been treated, and the dependence of the resultant
total-head defect on the relaxatlon time of the gas has
been found.

The total-head defect in this flow has been applied
to measure the relaxation tlme of COo. The results

obtained with two impact tubes were 1n agreement wlthin
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about 3 percent. The conslstency of these results is
~—-regarded-as a -check on the general theory developed and
on thls measurement method.

Langley Memorlal Aeronesutical Laboratory,
National Advisory Committee for Aeronautics,
Langley Fleld, Va.
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APPENDIX A
SONIC MEASUREMENTS IN CARBON DIOXIDE

Much careful work has been done on the lag in the
vibrational heat capaclty of CCo. Carbon dloxlde 18 a

linear molecule and thus has a translational and rota-
tional heat capacity of gR. It has four normal modes

In vibration that are dlegrammed with their frequenciles
as follows (data from reference 8):

0—» ¢ €=0 vy = 4.164 x 103

3 T § Vg = 2.003 x 1013 2 modes
€0 C—> ¢0 vy = 7.050 x 1013

The heat capaclty of COp 1s somewhat complicated

by the fact that the second exclted state of the oscil-
lation vo has almost the same energy as the first

excited state of v . The near resonance results 1ln a

strong lnteractlon through the first-oréer perturbation
(the first-order departure of the potential energy from
the squeare law) between the two states involved, as was
pointed out by Terml (reference 9). This perturbation
produces significant disturbances (=50 cm~1) of the levels
Involved but does not have a large effect on the heat
capaclity of the gas. The heat capaclty of COgz was

computed by Kassel (reference 10) and his results are
used In the present calculatlons.

Eucken and his coworkers have carefully studiled over
a perlod of years the dlsperslion of sound in COo

(references 11 to 15). One conclusion of this work =~
that the vibratlonal energy levels in COp adjust with

the same relaxatlon time ~ 1s demonstrated by showing that
the dlsperslion curves obtalned fit a simple dlspersion
formule such as Eneser's.

Kuzhler; 6 for example, obtained a simple dispersion
curve at 410 C, at which appreciable heat capaclty due
to all three normal nodes would be expected. Richards
and Reld (reference 16) and others (see bibliography of
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reference 2) have maintalned thet the symmetrical valence
vibration .. vy of CO,. does not adjust at 9 kllocycles
In some dlsperslon measurements made near room tempera-
ture. As they point out, this fact ia remarkable be-
cause the second exclted state of v, strongly perturbs

the flrst excited state of V,. In any cese, the con-

tribution of this normal rmode to the heab capacity 1s
very small at room temperature and the efrfegts found aere
near .the 1limits of the accuracy of Rlchards and Reld.

The relaxation time of CO; In molecular collislons,
aSjgiven by Eucken and hls coworkers, 1s plotted against

T 3 (T 4in °K) in figure 1 for comparison with the theory
discussed in appendix B. Van Ittsrteek, de Bruyn, and
Marléns (reference 17) meusured the absorption at 599 kilo=-
cycles in very carafully purlfied COg. ‘Their measure-
ments, which are also given in figure 1, show e longer re-
laxatlon time ihan the measvrements of Fucken and his
coworkern. They attrlbute thils increased relaxation time
to careful purificatlon of the gase.

All the measurements with 00, have Indicated that
the relaxutlon time ia inver-ely nroportional to the
pressure of the gas. Thiz rosvlt shows that the proceas
rosponsihle feor the Intérchange of cnergy tetween vibra-
tional a.d other dcgrreos of frcodom is hirolecular.
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APFENDIX B
THEORY OF EXCITATION 6F MOLECULAR VIBRATION BY COLLISIONS

Landau and Teller (reference 12) have given an ap-
proximate calculation of the probabllity of the excita-
tion of a vibrational gquantum in a molecular collision.
Assuming that the interaction energy which induces the
vibration depends linearly on the normel coordinate of
a harmonlic vibration, they meke a first-order perturba-
tlon calculation. The matrlix element for the transi-
tion from the 1th %o tho (7 + 1l)th or from the
(1 + 1)th to the 1th vibrational state 1s then pro-

portionsl to /T + 1. The transition probaebilities
ky are proportional to the square of matrix elements
end therefore

k01:k12:k23 = k103k21’k52 = 1:2:3

and, when 1 - J # £1, Iyy = O. This result is shown

in reference 18 to lead to the prediction that all the
allowed translitlions In a pglven normal mode have the same
relaxation time. Iandau and Teller next examine the
colllslion procoss clagsically, assuming the interactlon
energy between translation and vibration to be propor-

tional to e =, where x 1s the ¢1stance between the
molecules and & 13 an undetermined constant. They
also agsume that the translational energy of the molew-
cules ~ that is, the collislon ~ 1s adlabatic. The
amount of energy transferred to vibration in a collision
1s then calculated and used to estimate the transitlon
probabllity ks, and the relexatlon time of the gas.

They conclude that the temperature varlatlon of the re-
laxation time expressed in molecular colllislons is glven

by

{ 1 o\

-y =mtma /'-“—- 2
Collisions = exp \SI' S .(%1.7)_1.1‘

{
/

where M 1s molecular welght,.

In figure 1, experimental results for the relaxation
time 1in colllsions of COs and nitrous oxlde NpO are
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1

pPlotted against T-E._ The theoretlcal results are ssen
to be stralght lines, wilthin experimental error. The
value of & can be found from the slope of the straight

line. For €Oz with v = 2,003 x 1015, a=0.22x10"8

and, for N20 with v = 1.773 x 105, a=0.36x10"8 eim.

These reasoneble values for a are a further check on
this theory.

It should be pointed out that the temperature varla-
tlon of catalytlc effects ls quite different from that of
pure gases, the number of colllsions required being nearl
Independent of temperature. (See Kldhler, reference 15.
Varlous attempts have been made to associate the effectlve-
ness of catalysts with thelr physical or chemical proper-
tles but no generally snccessful rule seems to have been
proposed. Gases that have some chemlcal affinlty, gases
with large diprole moments, and gascs wlth small moments
of inertia are usually most effective.
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APPENDIX C
THE ENTHALPY THEOREM

If no energy 1s tranamitted. across the walls of a
stream tube, the total energy (Internal energy E plus

2
Kinetlc energy per unit macs 511 ) plus the work done by

pressures pV muat be the same at any cross section of
the tubse; that is, '

B+ %uz + pV = Conatant (Cl1)

In the cane of a perfect gas with constant heat capacity
- and with equil*brium rartition of cnergy, equation (C1)
becones

-

1.2
cpT + 5\1 = Constant (c2)

where Cp 1s the heat capacity at constant pressure and

T 1s the absolute temperature. Whenever equillbrium
partitlion exlists, even though nonsquilibrium states have
been pasaed through, equation (C1l) 1s applicable in the
abscnce of viscosilty and heat conduction end equation (C2)
can be agpllad to porfect gases, provided the heat
capacity of the gas can be conslidered constant.
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TABLE I.- DATA AND CALCULATTIONS FOR 0.0299-INCH TUBE

1 2 3 4 5 6 7 8
{Total-head Total-head
defect, defect ' :

Chamber D lAverage |from inst, Total K Gas Relaxa- Collisions

pressure, ‘._(.). ~ 1 |tempera- |compression AS!t (from |velocity | tion (? x Collisions
PO_/Pl Pg ture, theory, |/Col. 2) fig. 8)}at end of} time, | per molecule
(atm) 1O9p_ T PO \Col. 4 nozzle, |._ 4 per sec)

204 P e "t U Uk "
Py 1 00— (in./sec) | (micro-
Py sec)
(percent) ';Tl' -1
: (percent) |

. 1.185 0.321 115.0 0.811 0.525 | 2.03 5640 2,61 24,000
1.253 .482 109.8 «815 .591 1.58 6464 2.95 27,800
1.323 .669 107.58 1.024 .65H3 1.23 7188 3.38 33,200
1.388 . 805 100.7 1,198 .B72 1.13 7731 3.42 54,700
1.464 . 966 101.6 1.412 .684 1.07 8336 5.55 35,100
1.527 1.088 298.2 1.577 .690 1.056 8761 S.25 35,000 -
1.580 1.193 96,1 1.706 699 1.01 9090 3.26 - 35,900
1.672 1.344 93.9 1.934 .695 1.025 9611 3.04 34,700
1.734 1.445 92.6 2.078° .696 1.02 9936 2.95 34,500
1.738 1.467 92,4 2.084 704 .982 9955 3.06 35,900
1.295 - .0B86 107.8 <941 623 1.38 6910 4,17 30,400
1.350 G721 105.4 1.098 .656 1.21 7423 3433 33,100
1.364 - .758 111.5 1.152 .658 1.21 7591 3.25 32,400
1.422 . 880 107.2 1.312 671 '1.14 8051 3.6 | - 33,300
1.499 . 1.025 99.2 1.502 . 682 1.075 8573 3.25 34,500
1.5562 1.130 98.1 1.641 . 588 1.08 8926 3.19 34,700

' v, 33,100

]



TABLE II.- DATA AND CALCULATIONS FOR 0.0177-INCH TUBE

1 2 3 4 5 6 7 8 9
Total-head Total-head

defect, defect

Chamber D Average (from inst. | Total K Gss Relaxa- Collilsions
pressure, O _ 1 |tempera-|compression| AS! (from |}velocity | tion (T % Collisions"

o/ bo ture, theory, (Col. 2) fig. 8)lat end of | time, per molecule .
(atm) 100 T Py Col. 4, nozzle, r= a per sec)

Po _ 4, ] (°m — -1 U Uk '

Py~ . 1OOp2 (in./sec) {(micro-

{(percent) Y -1 sec) -
Pl
{(percent)

1.442 1.014 | 97.7-~ 1.342 0.7E56 0.73 8146 2.98 31,700
1.515 765 127.3 1.041 735 .81 7232 3.02 29,700
1.334 .748  |106.1 1.057 .708 .92 7289 2.64 26,700
1.38¢ .900 98.8 1.196 753 .74 7723 3.11 22,400
1.278 633 -1100.8 .876 723 .85 6687 3.11 30,800
1.229 .519 1110.1 742 .699 .97 6182 2.98 28,400
1.205 .480 121.1 .683 704 .83 5840 3.20 30,200
1.467 1.100 103.4. 1.42¢ 770 .67 8377 3.15 33,760
1.6886 1.521 .98.2~ 1.972 772 .67 9703 2.72 32,000
1.612 1.383- 96.0 1.788 T4 .67 9283 2.85 32,500
1.6865 131495 95.0 1.919 779 .65 9585 2.84 33,100
1.581 1.317 95.1 1.708 771 . 6% 9088 2.91 52,800
1.5b86 1.283 96.1 1.644 .780 .64 8937 3.09 34,500
1.548 1.276 99.2 1.637 .780 + 64 8912 3.10 34,400
1.531 1l.244 100,9 1.594 .781 .64 8807 S.14 34,600
1,518 1.216 104,3 1.564 778 » 65 8728 3.12 34,000 -
2.482 1.123 102.9 1.468 765 «69 8482 3,00 32,600
1,417 . 986 107.3 1,298 760 71 8013 J.11 32,500

Av. 52,000
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